Electron Cyclotron Resonance Heating of Plasmas in Spherical Tori by Ram, A. & Bers, A.
PSFC/JA-02-15
ELECTRON CYCLOTRON RESONANCE HEATING
OF PLASMAS IN SPHERICAL TORI
A. K. Ram and A. Bers
October 2002
Plasma Science & Fusion Center
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139, U.S.A.
This work was supported by the U.S. Department of Energy Con-
tracts No. DE-FG02-91ER-54109 and DE-FG02-99ER-54521. Repro-
duction, translation, publication, use and disposal, in whole or part,
by or for the United States Government is permitted.
To appear in Proceedings of the 12th Joint Workshop on Electron
Cyclotron Emission and Electron Cyclotron Resonance Heating, Aix-
en-Provence, France, May 13–16, 2002.
i
ii
Electron Cyclotron Resonance Heating of Plasmas in
Spherical Tori
Abhay K. Ram and Abraham Bers
Plasma Science & Fusion Center, M.I.T, Cambridge, MA 02139, U.S.A.
ABSTRACT
The conventional ordinary and extraordinary modes in the electron cy-
clotron range of frequencies are not suitable for heating of and/or driving
currents in spherical tori (ST) plasmas. However, electron Bernstein waves
oﬀer an attractive possibility for heating and current drive in this range of
frequencies. In this paper, we summarize our theoretical and numerical re-
sults which describe the excitation and propagation of electron Bernstein
waves in ST plasmas.
INTRODUCTION
Plasmas in spherical tori, e.g. in MAST and NSTX, present a special
experimental challenge when considering heating and current drive by waves
in the electron cyclotron range of frequencies. This is primarily due to such
plasmas being overdense, i.e., ωpe/ωce  1 where ωpe and ωce are the electron
plasma and electron cyclotron frequencies, respectively. For fundamental or
second harmonic heating in such plasmas, the conventional X mode and O
mode are cutoﬀ near the edge of the plasma and cannot access the core.
For higher harmonics the plasma is essentially transparent to the X and O
modes.
Mode conversion near the plasma edge allows X or O mode polarized
power, incident from free space, to couple to electron Bernstein waves (EBW).
The X mode couples to EBWs in the vicinity of the upper hybrid resonance
(UHR). The O mode coupling to EBWs is via the slow X mode whereby
power from the externally excited O mode is ﬁrst mode converted to the
slow X mode which subsequently mode converts to EBWs near the UHR. The
propagation of EBWs is not density limited and the waves damp eﬀectively on
electrons in the vicinity of the Doppler shifted electron cyclotron resonance
(or its harmonics) [1]. In this paper we discuss theoretical details of the
constraints imposed on the mode conversion of X and O modes to the EBWs
in spherical tori. We also demonstrate interesting features of EBWs as they
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propagate in the high magnetic shear geometry of spherical tori. For ST
plasmas, the location of the EBW energy deposition is signiﬁcantly diﬀerent
for excitations on or away from the equatorial plane [1].
EXCITATION AND PROPAGATION OF EBWs
The excitation of EBWs is studied in a slab geometry model where the
x coordinate is in the direction of the inhomogeneity, y is along the poloidal
direction, and z along the toroidal direction. Assuming that the magnetic
ﬁeld is along z, the propagation of waves in an inhomogeneous cold and
collisionless plasma is given by
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where F = ik‖Ex − dEz/dx, dF/dx = (ω2/c2)K‖Ez, c is the speed of light,
ω is the wave frequency, k‖ is the component of the wave vector k along the
magnetic ﬁeld B = B0(x)zˆ,
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ωpe and ωce are the electron plasma and cyclotron angular frequencies, re-
spectively.
For the case when k‖ = 0, Eqs. (1) and (2) are uncoupled and describe the
propagation of the X mode and the O mode, respectively, across the magnetic
ﬁeld. The X mode equation (1) has a resonance at K⊥ = 0 corresponding to
the UHR. Also Eq. (1) has two cutoﬀs corresponding to the zeros ofK2⊥−K2X .
The resonance absorption of X mode power at the UHR corresponds to the
power mode converted to the EBWs [1]. Since the O mode is completely
decoupled from the X mode, if an O mode is excited at the edge there will
be no resonance absorption. The power will be reﬂected back out at the O
mode cutoﬀ located at the position where K‖ = 0. In this analysis we have
ignored the eﬀect of temperature on the propagation of waves and assumed
that there is no electron cyclotron resonance between the edge of the plasma
and the cutoﬀs of the X and O modes. Thus, the only absorption is at the
UHR.
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If we assume that, for suﬃciently small n‖ = ck‖/ω, only the X mode is
excited at the plasma boundary, then the equation for X mode propagation
is approximately given by
(
K⊥ − n2‖
) d2Ey
dx2
+
ω2
c2
[(
K⊥ − n2‖
)2 −K2X
]
Ey = 0 . (4)
This equation is obtained from (1) and (2) by assuming that Ez ≈ 0. In
this approximation the X mode resonance is no longer at K⊥ = 0 but at
K⊥ − n2‖ = 0 which, for small n‖, is a small correction. From an analogous
analysis carried out in [2], we ﬁnd that the fraction of the power on the X
mode that is converted to EBWs is given by
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(
1− e−πη
)
cos2 (φ) (5)
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ψ is the Psi function,
η =
(
1− n2‖
)3/2 [ωceLn
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In Eqs. (8) and (9) the right-hand sides are evaluated at the UHR (K⊥ = 0),
Ln is the density scalelength, and α = ωpe/ωce.
In Fig. 1(a) we plot
C
(max)
XB = 4e
−πη (1− e−πη) (10)
as a function of η. This gives the envelope of (5), i.e., the maximum possi-
ble fractional power of the X mode that can be mode converted to EBWs.
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Alternatively, from (5), C(max)XB = CXB (η, nπ) where n is any integer includ-
ing zero. For η ≈ 0.22 C(max)XB = 1 which implies that all of the X mode
power is converted to EBW. From Fig. 1(a) we note that C(max)XB ≥ 0.5 if
0.05 <∼ η <∼ 0.6. For n‖ = 0, from (8) we ﬁnd that the necessary condition
for the X-B mode conversion to be better than 50% requires
0.013 T cm <∼ |BLn|UHR <∼ 0.16 T cm (11)
This shows that the X-B mode conversion process is eﬃcient for sharp density
gradients, i.e., short density scalelengths. As n‖ is increased from zero, the
fraction of the X mode power that is coupled to EBWs decreases.
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Figure 1: (a) C(max)XB as a function of η; (b) a comparison of C
(max)
XB (solid
line) and CXB (dashed line) as a function of the X mode frequency from (5)
for NSTX-type parameters [1, 4].
From Eq. (2) it is clear that for k‖ = 0 the O mode does not couple power
to the EBW. For the O mode power to couple to EBW it is necessary to have
oblique propagation of the O mode, i.e., k‖ = 0. Then the O mode power
can couple to the X mode which in turn can undergo resonance absorption.
The necessary condition for optimum coupling of the O mode power to the
X mode is [3]
n‖,c =
ck‖
ω
=
[(
1 +
ω
ωce
)−1/2]
c
(12)
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where the right-hand side is to be evaluated at the spatial location where
ω = ωpe. However, in order for the O mode power not to get reﬂected back
out on the X mode requires that η > 1 [1, 4]. From (8) we ﬁnd that this
condition is satisﬁed when the density scalelength is long.
From the above discussion we conclude that the X-B and the O-X-B mode
conversion processes are optimized in diﬀerent regions of the two-dimensional
parameter space spanned by wave frequency and parallel wavelength, and at
diﬀerent locations inside the plasma. The X-B mode conversion process is
optimized for k‖ ≈ 0 and wave frequencies which place the UHR in the short
density scalelength region. The O-X-B mode conversion process is optimized
for k‖ given in (12) and for wave frequencies which place the UHR in a longer
density scalelength region of the plasma. The optimum X-B process occurs
closer to the edge of the plasma than the optimum O-X-B conversion. A
more detailed analysis based on a kinetic treatment of the EBW in sheared
magnetic ﬁelds conﬁrms the basic results of the analysis given above [1, 4].
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Figure 2: Fractional power mode converted to EBWs for an externally
launched X mode, CXB, or externally launched O mode, COB, as a func-
tion of nz.
Figure 2 shows numerical results obtained from the kinetic formulation
for NSTX-type parameters [1, 4]. Figure 2(a) shows the case when both
the X mode and the O mode are excited at the same frequency of 15 GHz.
For small n‖ (n‖ <∼ 0.1) the results for CXB are in good agreement with
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the analytical result given by (5). However, for larger n‖ the agreement
breaks down because the assumptions leading to (4) are no longer valid. The
analytical result leads to a larger mode conversion fraction than the numerical
results because the coupling to O mode, which occurs for non-zero k‖, has
not been properly accounted for in the analytical model. For the NSTX-
type parameters used to carry out these simulations, the critical n‖,c from
(12) is approximately 0.58. At this value of n‖,c the O-X-B mode conversion
coeﬃcient COB is approximately 0.25. This is well below the maximum of
100% conversion eﬃciency because for these parameters η ≈ 0.08 and does
not satisfy the additional condition requiring η > 1 for optimum O-X-B mode
conversion. Figure 2(b) compares the case of mode conversion from the X
mode, for a wave frequency of 15 GHz, to the mode conversion from the
O mode for a wave frequency of 28 GHz. It is evident from these ﬁgures
that the mode conversion to EBWs of the X mode and of the O mode are
optimized for diﬀerent ranges of the parameter space spanned by the wave
frequency and parallel wave numbers. In the case of O-X-B conversion for a
frequency of 28 GHz, the critical n‖,c ≈ 0.48. From (8) we ﬁnd, that for this
case, η ≈ 2.
PROPAGATION AND DAMPING OF EBWs
We have also studied the propagation of EBW rays in model NSTX pro-
ﬁles. The ray trajectories are obtained in a fully kinetic (Maxwellian), non-
relativistic, plasma. We ﬁnd that the EBW damps locally at the Doppler-
shifted electron cyclotron resonance or its harmonics. The k‖ along the ray
trajectories vary over a large range if the rays are launched oﬀ the equatorial
plane. This is due to the eﬀect of a signiﬁcant poloidal magnetic ﬁeld [5].
In Fig. 3(a) we plot the poloidal projection of two electron Bernstein rays
which diﬀer, initially, only in their starting location. One ray (solid line)
starts oﬀ on the equatorial plane and the other 18◦ above the equatorial
plane. Both rays are followed until their powers are fully damped on the
electrons. The ray started on the equatorial plane propagates close to the
second electron cyclotron resonance before damping. The n‖ along this ray
does not change signiﬁcantly from its initial value as shown in Fig. 3(b).
However, the ray started above the equatorial plane does not propagate very
far into the plasma before damping on electrons. This, as is clear from Fig.
3(b) is due to the signiﬁcant upshift in |n‖| leading to a large Doppler shift of
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the second harmonic of the electron cyclotron resonance. Another aspect to
keep in mind is that these ray trajectories are for a high-β scenario of a NSTX
plasma [1]. The total magnetic ﬁeld proﬁle does not vary considerably in the
outer half of the plasma. In spite of the large increases in k‖ the damping on
electrons is still due to the Doppler-shifted cyclotron resonance rather than
Landau damping. The change in n‖ is proportional to sin(θ)Bθ/|B| where θ
is the poloidal angle (θ = 0 being the outside on the equatorial plane) and Bθ
is the poloidal magnetic ﬁeld [5]. In an ST plasma Bθ and |B| are comparable
towards the outer edge of the plasma. This leads to signiﬁcant changes in n‖
for EBW ray trajectories started oﬀ the equatorial plane. From Fig. 3 it is
evident that the plasma region in which the damping of the EBW is desired,
either for heating or for driving plasma currents, can be controlled by an
appropriate launching angle in the poloidal plane. This will be investigated
further in the near future.
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Figure 3: Ray characteristics for NSTX-type parameters and wave frequency
of 15 GHz; (a) the poloidal projection of two EB rays started with the same
initial conditions except that one ray is started on the equatorial plane (solid
line) and the other 18◦ above the equatorial plane (dashed line); (b) the
evolution of n‖ along the two rays which initially were started with n‖0 = 0.1.
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